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Non-Archimedean spaces everywhere

Mykhailo Zarichnyi
Department for Geometry and Topology, Ivan Franko National University of Lviv

The Archimedean property means that there is no in�nitely small or in�nitely large elements in the
given space. We will focus on the notion of non-Archimedean metric (ultrametric), i.e., a metric d on a
set X satisfying the strong triangle inequality: d(x, y) ≤ max{d(x, z), d(z, y)} for all x, y, z ∈ X.

The �rst examples of ultrametric are the p-adic metrics on the rationalsQ (see, e.g., [1]). Ultrametrics
also appear in biology (e.g., in phylogenetic tree construction; [2]), physics (e.g., [3]), mathematical
economics, theoretical computer science (e.g., for metrization of the space of probability measures [4])
etc.

In the talk, we discuss how ultrametric spaces appear in the fractal geometry (see [5] for the case of
the idempotent measures).

[1] N. Koblitz, p-adic Numbers, p-adic Analysis, and Zeta-Functions. - Springer-Verlag, 1977.

[2] V. R. Srinivas, Bioinformatics: A Modern Approach. - Phi Learning Pvt. Ltd. (2009)

[3] R. Rammal, G. Toulouse, and M. A. Virasoro, Ultrametricity for physicists, Rev. Modern Phys. 58 (1986),
765�788.

[4] E. P. de Vink and J. J. M. M. Rutten, Bisimulation for probabilistic transition systems: a coalgebraic

approach. ICALP '97 (Bologna). Theoret. Comput. Sci. 221 (1999), no. 1-2, 271�293.

[5] N. Mazurenko, M. Zarichnyi, Idempotent ultrametric fractals, Visnyk of the Lviv Univ. Series Mech.-
Math.2014. Issue 79. P.111�118.

Íåðiâíîâàæíèé âiäãóê çàðÿäîâî âïîðÿäêîâàíî¨ ñèñòåìè íà âåëèêi åëåêòðè÷íi ïîëÿ

Î. Ìàòâ¹¹â,1,2 À. Øâàéêà,1 Ò. Äåâåðî,3 Äæ. Ôðiðiêñ2
1Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

2Äæîðäæòàóíñüêèé óíiâåðñèòåò, Âàøèíãòîí, îêðóã Êîëóìáiÿ, ÑØÀ
3Ñòåíôîðäñüêèé óíiâåðñèòåò, Ñòåíôîðä, Êàëiôîðíiÿ, ÑØÀ

Ìåòîäàìè íåðiâíîâàæíî¨ òåîði¨ äèíàìi÷íîãî ñåðåäíüîãî ïîëÿ ïðîâåäåíî òî÷íèé ðîçðàõóíîê
íåëiíiéíîãî âiäãóêó çàðÿäîâî âïîðÿäêîâàíî¨ ñèñòåìè. Âèâ÷à¹òüñÿ ÿê íàêëàäàííÿ âåëèêîãî åëå-
êòðè÷íîãî ïîëÿ âïëèâà¹ íà âåëè÷èíó ïîñòiéíîãî åëåêòðè÷íîãî ñòðóìó òà çíà÷åííÿ ïàðàìåòðà
çàðÿäîâîãî âïîðÿäêóâàííÿ åëåêòðîíiâ ïðîâiäíîñòi. Çîêðåìà, äîñëiäæó¹òüñÿ çàðÿäîâî âïîðÿäêîâà-
íà ôàçà ìîäåëi Ôàëiêîâà-Êiìáàëà, ùî ïðîÿâëÿ¹ öiëèé ðÿä àíîìàëüíèõ âëàñòèâîñòåé âêëþ÷àþ÷è
âèíèêíåííÿ ñòàíiâ ó çàðÿäîâié ùiëèíi ïðè ïiäâèùåííi òåìïåðàòóðè. Ðîçðàõóíêè ïðîâîäèëèñÿ äëÿ
ðiçíèõ âåëè÷èí âçà¹ìîäi¨ U , ÿêi âiäïîâiäàþòü âèïàäêàì ìåòàëi÷íî¨ ôàçè (U = 0.5), êâàíòîâî¨
êðèòè÷íî¨ òî÷êè (U = 0.86), òà êðèòè÷íîãî ìîòòiâñüêîãî äiåëåêòðèêà (U = 1.4). Ïîêàçàíî, ùî
ùiëèííi ñòàíè ñïðè÷èíÿþòü ñóòò¹âèé âïëèâ íà òðàíñïîðòíi âëàñòèâîñòi, çîêðåìà íà íåëiíiéíèé
âiäãóê ñèñòåìè ïðè âåëèêèõ ïîñòiéíèõ åëåêòðè÷íèõ ïîëÿõ òà íà çíèêíåííÿ îñöèëÿöié Áëîõà.
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Charging supercapacitors with nanoporous electrods

S. Kondrat
Forschungszentrum J�ulich, Germany

Supercapacitors have exceptional power density and cyclability, but the stored energy density is still
small comparing to conventional batteries. It can be increased by fabricating electrodes with nanosized
pores, but this may lead to a reduction of power density. We will discuss these issues from a theoretical
perspective using phenomenological mean-�eld type models and molecular dynamics and Monte Carlo
simulations. I shall also consider the e�ect of ionophobicity of pores towards ions and scrutinize various
charging mechanisms. If the time allows, I will also say a few words about Ising helping us understand
the thermodynamics of supercapacitors.

Òåïëî¹ìíiñòü êâàíòîâèõ ñïiíîâèõ ìîäåëåé ç âèñîêîòåìïåðàòóðíèõ ðîçâèíåíü

Î. Äåðæêî
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Ìîâà éòèìå ïðî êâàíòîâi ñïiíîâi ìîäåëi (íàïðèêëàä, ñïií-1/2 àíòèôåðîìàãíåòèê Ãàéçåíáåð-
ãà íà ãðàòöi êàãîìå) i ñïîëóêè, ìàãíiòíi âëàñòèâîñòi ÿêèõ ìîæíà îïèñàòè ç äîïîìîãîþ òàêèõ
ìîäåëåé. Òåðìîäèíàìi÷íi âåëè÷èíè (ìàãíiòíó òåïëî¹ìíiñòü ÷è ìàãíiòíó ñïðèéíÿòëèâiñòü) ìîæíà
âèìiðÿòè ç âèñîêîþ òî÷íiñòþ. ×è ìîæå òåîðiÿ ïåðåäáà÷èòè àêóðàòíî òåìïåðàòóðíi çàëåæíîñòi
òåðìîäèíàìi÷íèõ âåëè÷èí? Öå äîçâîëèëî á âèçíà÷èòè ïàðàìåòðè ñïiíîâîãî ãàìiëüòîíiàíà ìîäåëi,
ÿêà ðåàëiçó¹òüñÿ ó òié ÷è iíøié ñïîëóöi.

Äëÿ òàêèõ ãðàòîê ÿê, íàïðèêëàä, ïðîñòà êóái÷íà ãðàòêà ïîòðiáíèé ðåçóëüòàò äà¹ (÷èñëîâèé)
ìåòîä êâàíòîâå Ìîíòå Êàðëî. [Iíøèé óíiâåðñàëüíèé (àíàëiòè÷íèé) ìåòîä � ìåòîä ôóíêöié Ãðiíà �
ìà¹ íàäòî íèçüêó òî÷íiñòü i íåïðèäàòíèé äëÿ ïðåöèçiéíîãî àíàëiçó.] ßêùî æ ó ìîäåëi ¹ ôðóñòðàöi¨
(ìåòîä êâàíòîâå Ìîíòå Êàðëî íå ïðàöþ¹), òî ñèòóàöiÿ çíà÷íî ñêëàäíiøà. Òàê, äî ñüîãîäíi íå ¹
çðîçóìiëèì, ÷è òåïëî¹ìíiñòü ñïií-1/2 àíòèôåðîìàãíåòèêà Ãàéçåíáåðãà íà ãðàòöi êàãîìå ñïðàâäi
ìà¹ (äîäàòêîâèé) íèçüêîòåìïåðàòóðíèé ïiê, áî öÿ îñîáëèâiñòü îòðèìàíà ëèøå ìåòîäîì òî÷íî¨
äiàãîíàëiçàöi¨ äëÿ ãðàòêè ç 18 âóçëiâ i ìîæëèâî(?) çíèêà¹ ó òåðìîäèíàìi÷íié ãðàíèöi.

Ãðóïà ôðàíöóçüêèõ òåîðåòèêiâ çàïðîïîíóâàëà (÷èñëîâèé) ìåòîä çíàõîäæåííÿ òåìïåðàòóðíî¨
çàëåæíîñòi òåïëî¹ìíîñòi ÷è ñïðèéíÿòëèâîñòi, ÿêèé âèêîðèñòîâó¹ âèñîêîòåìïåðàòóðíi ðîçâèíåííÿ
[1,2,3]. Ñòàðà iäåÿ àíàëiçó âèñîêîòåìïåðàòóðíèõ ðîçâèíåíü, îäíàê, iñòîòíî ìîäèôiêîâàíà. Ó ñâî¨é
äîïîâiäi ÿ êîðîòêî ïîÿñíþ ìåòîä Áåðíþ, Ìiãiøà i Ëþéå [1,2,3].

[1] B. Bernu and G. Misguich, Phys. Rev. B 63, 134409 (2001).

[2] G. Misguich and B. Bernu, Phys. Rev. B 71, 014417 (2005).

[3] B. Bernu and C. Lhuillier, Phys. Rev. Lett. 114, 057201 (2015).

Relation of entanglement with mean spin and spin correlations for pure and mixed states

A. M. Frydryszak1, M. I. Samar2, V. M. Tkachuk2
1Institute of Theoretical Physics, University of Wroc law, Poland

2Department for Theoretical Physics, Ivan Franko National University of Lviv

We consider the geometric measure of entanglement. For pure state we �nd the relation between the
mean value of spin and the geometric measure of entanglement of this spin and an arbitrary quantum
system. The geometric measure of entanglement for mixed two spin states formed on subspaces spanned
by | ↑↓〉, | ↓↑〉 or | ↑↑〉, | ↓↓〉 is studied. The relation of entanglement of two spins in these cases with
spin correlations is found. These results allow to quantify the entanglement for pure and mixed states
on the experimental level by measuring the mean spin and spin correlations for pure and mixed states,
respectively.
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Âåëèêi ïîðîæíèíè â ðîçïîäiëi ãàëàêòèê: ïîõîäæåííÿ, åâîëþöiÿ, äèíàìiêà

Á. Íîâîñÿäëèé, Ì. Öiæ
Àñòðîíîìi÷íà îáñåðâàòîðiÿ òà êàôåäðà àñòðîôiçèêè,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ïîÿñíåííÿ ïîõîäæåííÿ, åâîëþöi¨ òà ôîðìóâàííÿ âåëèêîìàñøòàáíî¨ ñòðóêòóðè Âñåñâiòó âèìà-
ãà¹ çíàííÿ ïðèðîäè, âìiñòó òà âëàñòèâîñòåé ôóíäàìåíòàëüíèõ ñêëàäîâèõ Âñåñâiòó - ìàòåði¨, ÿêà
îïèñó¹òüñÿ ñòàíäàðòíîþ ìîäåëëþ ôiçèêè åëåìåíòàðíèõ ÷àñòèíîê, òà ïðèõîâàíèõ ñêëàäîâèõ (òåìíà
åíåðãiÿ, òåìíà ìàòåðiÿ), ïðèðîäà ÿêèõ ¹ ïîêè-ùî òiëüêè çäîãàäíîþ. Ç iíøî¨ ñòîðîíè - õàðàêòå-
ðèñòèêè âåëèêîìàñøòàáíî¨ ñòðóêòóðè ¹ ãîëîâíèì òåñòîì êîñìîëîãi÷íèõ ìîäåëåé i ìîäåëåé òåìíî¨
ìàòåði¨ òà òåìíî¨ åíåðãi¨. Â äîïîâiäi âèñâiòëåíî ðåçóëüòàòè àíàëiçó åâîëþöi¨ òà äèíàìiêè ïðèõî-
âàíèõ êîìïîíåíò ó íàéïðîñòiøèõ (ç òî÷êè çîðó äèíàìiêè ñóöiëüíèõ ñåðåäîâèù) åëåìåíòàõ âåëè-
êîìàñøòàáíî¨ ñòðóêòóðè Âñåñâiòó - âåëèêèõ ïîðîæíèíàõ. Ïðèïóñêà¹òüñÿ, ùî âîíè ¹ ðåçóëüòàòîì
åâîëþöi¨ ïî÷àòêîâèõ àäiàáàòè÷íèõ çáóðåíü ìåòðèêè ïðîñòîðó-÷àñó òà ãóñòèíè i øâèäêîñòi ôóíäà-
ìåíòàëüíèõ ñêëàäîâèõ Âñåñâiòó, ÿêi áóëè çãåíåðîâàíi â åïîõó ðàííüî¨ iíôëÿöi¨. Ïðèâîäÿòüñÿ ÷èñëî-
âi ðîçâ'ÿçêè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi îïèñóþòü åâîëþöiþ ñôåðè÷íî-ñèìåòðè÷íîãî
çáóðåííÿ â 3-êîìïîíåíòíîìó ñåðåäîâèùi âiä ðàííüî¨ åïîõè äî ñó÷àñíî¨. Ïîêàçàíî âïëèâ ðiçíèõ òè-
ïiâ òåìíî¨ åíåðãi¨ íà ïðîôiëü ãóñòèíè i øâèäêîñòi ìàòåði¨ â îáëàñòi âåëèêèõ ïîðîæíèí â ðîçïîäiëi
ãàëàêòèê.

Ðåëiêòîâi ãðàâiòàöiéíi õâèëi â êîñìîëîãi÷íèõ ìîäåëÿõ ç äèíàìi÷íîþ òåìíîþ åíåðãi¹þ

çà äàíèìè Planck-2015

Î. Ñåðãi¹íêî, Á. Íîâîñÿäëèé
Àñòðîíîìi÷íà îáñåðâàòîðiÿ, Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ìè âñòàíîâëþ¹ìî ñïîñòåðåæóâàëüíi îáìåæåííÿ íà âêëàä òåíçîðíî¨ ìîäè çáóðåíü â êîñìîëî-
ãi÷íèõ ìîäåëÿõ ç äèíàìi÷íîþ òåìíîþ åíåðãi¹þ äëÿ ðiçíèõ ñöåíàði¨â iíôëÿöi¨. Ìîäåëëþ òåìíî¨
åíåðãi¨ ¹ ìiíiìàëüíî çâ'ÿçàíå êëàñè÷íå ñêàëÿðíå ïîëå ç áàðîòðîïíèì ðiâíÿííÿì ñòàíó. Âèêîðè-
ñòàíi íàáîðè äàíèõ âêëþ÷àþòü äàíi Êîñìi÷íî¨ îáñåðâàòîði¨ Planck 2015 ðîêó ùîäî àíiçîòðîïi¨
ðåëiêòîâîãî âèïðîìiíþâàííÿ òà ëiíçóâàííÿ, äàíi Planck/BICEP2+Keck ùîäî B-ìîäè ïîëÿðèçàöi¨,
áàðiîííi àêóñòè÷íi îñöèëÿöi¨ ç îãëÿäiâ íåáà SDSS òà 6dFGS, ñïåêòð ïîòóæíîñòi ãàëàêòèê ç îãëÿäó
íåáà WiggleZ, äàíi ùîäî ñëàáêîãî ëiíçóâàííÿ ç CFHTLenS òà êðèâi ñâiòíîñòi íàäíîâèõ òèïó Ià ç
êîìïiëÿöi¨ JLA. Ìè òàêîæ äîñëiäæó¹ìî iñíóþ÷i âèðîäæåííÿ ìiæ ïàðàìåòðàìè òåìíî¨ åíåðãi¨ òà
iíøèìè êîñìîëîãi÷íèìè ïàðàìåòðàìè.

Åâîëþöiÿ çáóðåíü òåìíî¨ åíåðãi¨ â ïîëi ãàëî òåìíî¨ ìàòåði¨

Ì. Öiæ, Á. Íîâîñÿäëèé
Àñòðîíîìi÷íà îáñåðâàòîðiÿ òà êàôåäðà àñòðîôiçèêè,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ìè ðîçãëÿäà¹ìî åâîëþöiþ çáóðåíü òðüîõ-êîìïîíåíòíîãî ñåðåäîâèùà, à ñàìå: òåìíî¨ ìàòåði¨,
òåìíî¨ åíåðãi¨ òà ðåëÿòèâiñòñüêî¨ ðå÷îâèíè. Òåìíà åíåðãiÿ ïðåäñòàâëåíà êâiíòåñåíöiéíèì ñêàëÿð-
íèì ïîëåì, ÿêå â ãiäðîäèíàìi÷íîìó íàáëèæåíi õàðàêòåðèçó¹òüñÿ òðüîìà ïàðàìåòðàìè: ïàðàìå-
òðîì ãóñòèíè Ωde, ïàðàìåòðîì ðiâíÿííÿ ñòàíó w òà åôåêòèâíîþ øâèäêiñòþ çâóêó c2s. Çáóðåííÿ ¹
ñôåðè÷íî-ñèìåòðè÷íèìè, à äëÿ çáóðåííÿ òåìíî¨ ìàòåði¨ ââîäèòüñÿ ôåíîìåíîëîãi÷íà øòó÷íà â'ÿç-
êiñòü, ùî âiðiàëiçó¹ ñèñòåìó ïðè äîñÿãíåííi àìïëiòóäîþ çíà÷åíü âiäíîñíîãî çáóðåííÿ ∆vir = 178.
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Ðiâíÿííÿ åâîëþöi¨ (äâà ðiâíÿííÿ çáåðåæåííÿ äëÿ òåíçîðà ìîìåíòó-iìïóëüñó òà ðiâíÿííÿ Àéí-
øòàéíà äëÿ êîìïîíåíò ìåòðè÷íîãî òåíçîðà) ðîçâ'ÿçóþòüñÿ ÷èñåëüíî äëÿ öåíòðàëüíî¨ îáëàñòi ãà-
ëî. Ïîêàçàíî, ùî ìîäåëi òåìíî¨ åíåðãi¨ ç ìåíøèì çíà÷åííÿ åôåêòèâíî¨ øâèäêîñòi çâóêó ñèëüíiøå
âïëèâàþòü íà äèíàìiêó ôîðìóâàííÿ ãàëî òà ¨õ ôiçè÷íi ïàðàìåòðè. Öåé åôåêò ìîæíà âèêîðèñòàòè
äëÿ îöiíêè íèæíüî¨ ìåæi çíà÷åííÿ åôåêòèâíî¨ øâèäêîñòi çâóêó òåìíî¨ åíåðãi¨ íà îñíîâi ñïîñòåðå-
æóâàíèõ äàíèõ ïðî ôiçè÷íi òà ñòàòèñòè÷íi õàðàêòåðèêè ãàëî òåìíî¨ ìàòåði¨.

Äèíàìiêà ðîçøèðåííÿ Âñåñâiòó ïðè âçà¹ìîäi¨ ìiæ òåìíîþ åíåðãi¹þ

i òåìíîþ ìàòåði¹þ

Ð. Íåîìåíêî, Á. Íîâîñÿäëèé
Àñòðîíîìi÷íà îáñåðâàòîðiÿ, Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ðîçãëÿíóòî ìîäåëü òåìíî¨ åíåðãi¨ ç áàðîòðîïíèì ðiâíÿííÿì ñòàíó, ÿêà âçà¹ìîäi¹ ç òåìíîþ
ìàòåði¹þ ãðàâiòàöiéíî òà iíøîþ ñèëîþ, ùî ïðèçâîäèòü äî îáìiíó åíåðãi¹þ-iìïóëüñîì ìiæ íèìè.
Îáèäâi êîìïîíåíòè îïèñóþòüñÿ íàáëèæåííÿì iäåàëüíî¨ ðiäèíè, ïàðàìåòðàìè ÿêî¨ ¹ ïàðàìåòð ðiâ-
íÿííÿ ñòàíó, ïàðàìåòð ãóñòèíè òà åôåêòèâíà øâèäêiñòü çâóêó. Ðîçãëÿíóòî ðiçíi âèäè âçà¹ìîäié
ìiæ íèìè, çàëåæíèìè âiä ãóñòèí åíåðãi¨ öèõ êîìïîíåíò. Íà îñíîâi ðiâíÿíü Àéíøòàéíà òà çà-
ãàëüíîêîâàðiàíòíèõ ðiâíÿíü çáåðåæåííÿ îòðèìàíî ðiâíÿííÿ, ÿêi îïèñóþòü äèíàìiêó ðîçøèðåííÿ
îäíîðiäíîãî içîòðîïíîãî Âñåñâiòó òà åâîëþöiþ ãóñòèí îáîõ êîìïîíåíò äëÿ ðiçíèõ çíà÷åíü ïàðàìå-
òðà âçà¹ìîäi¨. Ïîêàçàíî, ùî äëÿ öèõ âçà¹ìîäié iñíóþòü îáëàñòi çíà÷åíü ïàðàìåòðiâ òåìíî¨ åíåðãi¨
òà òåìíî¨ ìàòåði¨ òà ïàðàìåòðà âçà¹ìîäi¨, äëÿ ÿêèõ ãóñòèíè òåìíî¨ åíåðãi¨ i òåìíî¨ ìàòåði¨ ìîæóòü
íàáóâàòè âiä'¹ìíèõ çíà÷åíü. Äëÿ âèäiëåííÿ êëàñó ìîäåëåé, â ÿêèõ åíåðãiÿ ïðèõîâàíèõ êîìïîíåíò
¹ çàâæäè äîäàòíüîþ, çíàéäåíî âiäïîâiäíi óìîâè äîäàòíîñòi äëÿ öèõ êîìïîíåíò. Ïðîàíàëiçîâàíî
äèíàìiêó ðîçøèðåííÿ Âñåñâiòó ç öèìè âçà¹ìîäiÿìè.

Åëåêòðîäèíàìiêà ó ïðîñòîði çi ñïiíîâîþ íåêîìóòàòèâíiñòþ êîîðäèíàò

Â. Âàñþòà
Êàôåäðà òåîðåòè÷íî¨ ôiçèêè,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Íåêîìóòàòèâíiñòü îïåðàòîðiâ êîîðäèíàò âèíèêà¹ â òåîði¨ ñòðóí [1] òà â êâàíòîâié ãðàâiòàöi¨ [2].
Òàê çâàíà êàíîíi÷íà íåêîìóòàòèâíiñòü [Xi, Xj] = iθij, äå θij ¹ ïîñòiéíîþ ìàòðèöåþ, ç î÷åâèäíiñòþ
íå ¹ iíâàðiàíòíîþ âiäíîñíî ïîâîðîòiâ ñèñòåìè êîîðäèíàò. Iíâàðiàíòíîñòi íåêîìóòàòèâíî¨ àëãåáðè
âiäíîñíî ïîâîðîòiâ ìîæíà äîáèòèñÿ, çîêðåìà, ïîêëàäàþ÷è êîîðäèíàòíèé êîìóòàòîð ðiâíèì ïåâíié
ôóíêöi¨ ñïiíó. Òàê â [3] ââåäåíî íåêîìóòàòèâíi êîîðäèíàòè çñóâàþ÷è êîìóòàòèâíi êîîðäèíàòè íà
îïåðàòîðè ñïiíó Xi = xi + θsi.

Íàìè çàïðîïîíîâàíî ðåëÿòèâiñòñüêå óçàãàëüíåííÿ òàêî¨ íåêîìóòàòèâíîñòi øëÿõîì çñóâó êîìó-
òàòèâíèõ êîîðäèíàò íà ìàòðèöi Äiðàêà Xµ = xµ + iθγµ. âiäïîâiäíà àëãåáðà ìà¹ âèãëÿä

[Xµ, Xν ] = 2iθ2σµν ,
[
Xµ, σαβ

]
= 2θ(γαηµβ − γβηµα),

[Xµ, P ν ] = −iηµν , [P µ, P ν ] = 0,
[
P µ, σαβ

]
= 0,

[σαβ, σγδ] = i (ηαγσβδ − ηβγσαδ − ηαδσβγ + ηβδσαγ) ,
(1)

äå σµν = i [γµ, γν ] /2, ηµν ¹ òåíçîðîì Ìiíêîâñüêîãî. Âèêîðèñòîâóþ÷è âïîðÿäêóâàííÿ Âåéëÿ çíàéäå-
íî àíàëîã çiðêîâîãî äîáóòêó Ìîÿëè äëÿ çàïðîïîíîâàíî¨ àëãåáðè.

Çíàéäåíî ôóíêöiþ Ëàãðàíæà åëåêòðîìàãíiòíîãî ïîëÿ â òàêîìó íåêîìóòàòèâíîìó ïðîñòîði.
Ñëiä çàóâàæèòè, ùî åëåêòðîìàãíiòíå ïîëå â íåêîìóòàòèâíîìó ïðîñòîði ñòà¹ íåàáåëåâèì. Ç óìîâè

7



iíâàðiàíòíîñòi êîâàðiàíòíî¨ ïîõiäíî¨ âiäíîñíî ëîêàëüíèõ êàëiáðóâàëüíèõ ïåðåòâîðåíü îòðèìàíî
âèãëÿä öèõ êàëiáðóâàëüíèõ ïåðåòâîðåííÿ äëÿ åëåêòðîìàãíiòíîãî ïîëÿ.

Âàðiþþ÷è äiþ, îòðèìàíî òî÷íi ðiâíÿííÿ ïîëÿ. Öi ðiâíÿííÿ ¹ íåëiíiéíèìè, ùî ïðèçâîäèòü äî
âçà¹ìîäi¨ åëåêòðè÷íîãî i ìàãíiòíîãî ïîëiâ. Òàêó âçà¹ìîäiþ ïðîiëþñòðîâàíî íà äåÿêèõ ñèñòåìàõ.
Çîêðåìà, ïîêàçàíî, ùî åëåêòðîñòàòè÷íå ïîëå òî÷êîâîãî çàðÿäó â ïîñòiéíîìó ìàãíiòíîìó ïîëi â
ïåðøîìó íàáëèæåííi ïî ïàðàìåòðó íåêîìóòàòèâíîñòi çàëèøà¹òüñÿ ïðîïîðöiéíèì 1/r, àëå çàðÿä
åêðàíó¹òüñÿ ìàãíiòíèì ïîëåì ïðè÷îìó åêðàíóâàííÿ ¹ àíiçîòðîïíèì. Òî÷íî ðîçâ'ÿçàíî çàäà÷ó ïðî
ðóõ ïëîñêî¨ õâèëi â ïîñòiéíîìó åëåêòðè÷íîìó i ìàãíiòíîìó ïîëÿõ. Ïîêàçàíî, ùî çîâíiøí¹ ïîëå
ìîäèôiêîâó¹ ôîòîííå äèñïåðñiéíå ñïiââiäíîøåííÿ. Êðiì òîãî, çà äîïîìîãîþ óçàãàëüíåíîãî íà ðå-
ëÿòèâiñòñüêèé âèïàäîê ìåòîäó Áîãîëþáîâà-Êðèëîâà ðîçãëÿíóòî âçà¹ìîäiþ äâîõ ïëîñêèõ õâèëü.
Îòðèìàíi ðåçóëüòàòè ïîðiâíÿíî ç àíàëîãi÷íèìè ðåçóëüòàòàìè äëÿ êàíîíi÷íî¨ íåêîìóòàòèâíîñòi.

[1] N. Seiberg and E. Witten, JHEP 09, 032 (1999).

[2] Doplicher, K. Fredenhagen, and J. E. Roberts, Phys. Lett. B 331, 39 (1994).

[3] H. Falomir et al., Phys. Lett. B 680, 384 (2009).

Ñèñòåìà äâîõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó ïðîñòîði

ç íåêîìóòàòèâíiñòþ êîîðäèíàò êàíîíi÷íîãî òèïó

Õ. Ãíàòåíêî
Êàôåäðà òåîðåòè÷íî¨ ôiçèêè,

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ðîçãëÿäà¹òüñÿ íåêîìóòàòèâíèé ïðîñòið iç çáåðåæåíîþ ñôåðè÷íîþ ñèìåòði¹þ, ÿêèé õàðàêòåðè-
çóþòüñÿ òàêèìè ñïiââiäíîøåííÿìè äëÿ îïåðàòîðiâ êîîðäèíàòè òà iìïóëüñó

[Xi, Xj] = iα(aibj − ajbi), (1)

[Xi, Pj] = i~δij, (2)

[Pi, Pj] = 0, (3)

äå α � áåçðîçìiðíà êîíñòàíòà, ai, bi � äîäàòêîâi êîîðäèíàòè, ÿêi îïèñóþòüñÿ ãàðìîíi÷íèì îñöèëÿ-
òîðîì [1,2]. Ó çàãàëüíîìó âèïàäêó ðiçíèì ÷àñòèíêàì ó íåêîìóòàòèâíîìó ïðîñòîði ìîæóòü âiäïî-
âiäàòè ðiçíi òåíçîðè íåêîìóòàòèâíîñòi. Çâàæàþ÷è íà öå, iñíó¹ ïðîáëåìà îïèñó ñèñòåìè ÷àñòèíîê
ó ïðîñòîði ç íåêîìóòàòèâíiñòþ êîîðäèíàò.

Ìè äîñëiäæó¹ìî ñèñòåìó äâîõ ÷àñòèíîê ó ñôåðè÷íî-ñèìåòðè÷íîìó íåêîìóòàòèâíîìó ïðîñòîði
(1)�(3). Ïîêàçàíî, ùî êîîðäèíàòè öåíòðà ìàñ ñèñòåìè çàäîâîëüíÿþòü íåêîìóòàòèâíó àëãåáðó iç
åôåêòèâíèì òåíçîðîì íåêîìóòàòèâíîñòi. ßê ïðèêëàä äâî÷àñòèíêîâî¨ ñèñòåìè ðîçãëÿäà¹òüñÿ àòîì
âîäíþ. Ìè çíàéøëè ïîïðàâêè äî åíåðãåòè÷íèõ ðiâíiâ àòîìà, çóìîâëåíi íåêîìóòàòèâíiñòþ êîîðäè-
íàò (1).

[1] Kh.P. Gnatenko, V.M. Tkachuk, Phys. Lett. A 378, 3509 (2014).

[2] Kh.P. Gnatenko, Yu.S. Krynytskyi, V.M. Tkachuk, Mod. Phys. Lett. A 30, 1550033 (2015).
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Self-adjointness and the Casimir e�ect in background magnetic �eld

Yurii Sitenko
Bogolyubov Institute for Theoretical Physics of NAS of Ukraine, Kyiv

We study the in�uence of a background uniform magnetic �eld and boundary conditions on the
vacuum of a quantized charged massive matter �eld con�ned between two parallel neutral plates. The
admissible set of boundary conditions at the plates is determined by the requirement that the operator
of one-particle energy be self-adjoint. A generalization of the MIT bag boundary condition is proposed.
We show that, in the case of a su�ciently strong magnetic �eld directed orthogonally to the plates and
a large separation of the plates, the Casimir force is repulsive, being independent of the choice of a
boundary condition, as well as of the distance between the plates.

From transport networks to online role-playing games

Yurij Holovatch1,2
1Institute for Condensed Matter Physics of NAS of Ukraine, Lviv
2Doctoral College for the Statistical Physics of Complex Systems,

Leipzig-Lorraine-Lviv-Coventry (L4)

I make a brief review of two di�erent projects our group has participated in. One concerns empirical
analysis and modeling of public transportation networks [1, 2, 3], another one deals with analysis of
human behavior in a virtual environment of a massive multiplayer online game [4, 5]. A common feature
of these studies which target entirely di�erent, on the �rst sight, subjects is that in both cases we deal
with complex systems of many interacting agents, displaying collective behavior that does not follow
trivially from the behaviors of the individual parts.

Often our analysis was motivated and carried on using our former experience in studies of interacting
many particle systems by tools of statistical physics and complex network theory. Participants of the
Workshop are welcome to join discussion about advantages and drawbacks of such approach.

This work was supported by the Seventh Framework Program of the European Union within
the International Research Sta� Exchange Scheme Grants Nos. Nos 612669 Structure and Evoluti-
on of Complex Systems with Applications in Physics and Life Sciences, 612707 Dynamics of and in
Complex Systems, 295302 Statistical Physics in Diverse Realizations, 269139 Dynamics and Cooperative
Phenomena in Complex Physical and Biological Media.

[1] C. von Ferber, T. Holovatch, Yu. Holovatch, V. Palchykov. Eur. Phys. J. B 68 (2009) 261.

[2] B. Berche, C. von Ferber, T. Holovatch, Yu. Holovatch. Eur. Phys. J B 71 (2009) 125; Adv. Complex Syst.
15 (2012). 1250063; J. Transport. Security 5 (2012) 199.

[3] C. von Ferber, Yu. Holovatch. Eur. Phys. J ST 216 (2013) 49.

[4] M. Szell, S. Thurner. Social Networks 32 (2010) 313.

[5] O. Mryglod, B. Fuchs, M. Szell, Yu. Holovatch, S. Thurner. Physica A 419 (2015) 681.
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Ìîäåëþâàííÿ ïîøèðåííÿ íåiìóííèõ çàõâîðþâàíü íà ãðàôi

ß. Ì. Iëüíèöüêèé
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Îáãîâîðþþòüñÿ çàãàëüíi àñïåêòè ïîáóäîâè åïiäåìiîëîãi÷íèõ ìîäåëåé ó ïðîñòîði iç íóëüîâîþ
ðîçìiðíiñòþ òà íà ãðàôi. ßê iëþñòðàöiþ ðîçãëÿíóòî ìîäåëü SIS íåiìóííîãî çàõâîðþâàííÿ íà ãðà-
ôi, ïîáóäîâàíîìó íà âåðøèíàõ êâàäðàòíî¨ ãðàòêè iç ôiêñîâàíèì òà âèïàäêîâèì ðàäióñîì iíôiêó-
âàííÿ. Âèêîðèñòîâóþ÷è ìåòîä êîìiðêîâîãî àâòîìàòó âèâ÷åíî êðèòè÷íi âëàñòèâîñòi òàêî¨ ìîäåëi
ó ñòàöiîíàðíîìó ñòàíi òà îòðèìàíî ¨¨ ðîçâ'ÿçîê ó ñåðåäíüî-ïîëüîâîìó íàáëèæåííi. Äîñëiäæåíî
îñîáëèâîñòi êëàñòåðèçàöi¨ ñèñòåìè ïðè ¨¨ ðóñi äî êðèòè÷íî¨ òî÷êè.

Çàïðîïîíîâàíî òàêîæ ìîäåëü SIC, ÿêà ¹ óçàãàëüíåííÿì ìîäåëi SIS íà âèïàäîê íàáóòòÿ çáó-
äíèêîì ðåçèñòåíòíîñòi äî iñíóþ÷èõ ïðåïåðàòiâ. Øëÿõîì àíàëiòè÷íîãî ìîäåëþâàííÿ äàíèõ êîì-
ï'þòåðíèõ ñèìóëÿöié îòðèìàíî ïðîñòó àíàëiòè÷íó çàëåæíiñòü ïîøèðåíîñòi ìóëüòèðåçèñòåíòíîãî
çáóäíèêà çàëåæíî âiä ïàðàìåòðiâ ìîäåëi. Âèâ÷åíî õàðàêòåðíi ïðîñòîðîâi øàáëîíè ïîøèðåííÿ îáîõ
òèïiâ çáóäíèêiâ.

Îáñóäæóþòüñÿ ïîäàëüøi ïåðñïåêòèâè ïiäõîäó ó êîíòåêñòi åïiäåìiîëîãi÷íèõ ìîäåëåé íà ìåðå-
æàõ iç çàäàíèìè âëàñòèâîñòÿìè òà íàáëèæåííÿ ìîäåëþâàííÿ äî ñïåöèôi÷íèõ ñîöiî-ãåîãðàôi÷íèõ
ðåàëié.

[1] W.O. Kermack, A.G. McKendrick, A contribution to the mathematical theory of epidemics, Proceedings of
Royal Society London. A, 115 (1927) p.700-721

[2] N. Boccara, Automata network models of interacting populations, in Cellular Automata, Dynamical Systems
and Neural Networks, Mathematics and Its Applications series, E. Goles and S. Martines, Eds. Vol. 282,
Springer, 1994, 192 p.

[3] H. Situngkir, Epidemiology Through Cellular Automata: Case of Study Avian In�uenza in Indonesia, 2004,
arXiv:nlin/0403035.

[4] J.Ilnytskyi, Y.Holovatch, Y.Kozitsky, H.Ilnytskyi, Computer simulations of a stochastic model for the non-
immune disease spread, Âiñíèê ÍÓ ¾Ëüâiâñüêà Ïîëiòåõíiêà¿ No. 800 (2014), ñ.176-185.

[5] J.M. Ilnytskyi, Y. Kozitsky, H. Ilnytskyi, O. Haiduchok, Stationary states and spatial patterning in an SIS

epidemiology model with implicit mobility, Physica A, submitted.

Ìîäåëþâàííÿ êàðò ïîëÿðèçàöi¨ ðàäiîâèïðîìiíþâàííÿ çàëèøêiâ íàäíîâèõ çið

Î. Ïåòðóê, Ð. Áàíäi¹ðà, Â. Áåøëåé
Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Ëüâiâ,

Àñòðîôiçè÷íà îáñåðâàòîðiÿ, Ôëîðåíöiÿ

Çàëèøêè íàäíîâèõ çið ââàæàþòüñÿ îñíîâíèìè ïðèñêîðþâà÷àìè êîñìi÷íèõ ïðîìåíiâ ç åíåðãi-
ÿìè äî 1015 åÂ. Äåòåêòóâàííÿ êîñìi÷íèõ ïðîìåíiâ äî òàêèõ åíåðãié íå äà¹ iíôîðìàöi¨ ïðî óìîâè
â êîíêðåòíîìó îá'¹êòi, îñêiëüêè ãàëàêòè÷íi ìàãíiòíi ïîëÿ âiäõèëÿþòü ¨õ òðàåêòîði¨ âiä íàïðÿìêó
íà äæåðåëà. Òîìó ðîáèòè âèñíîâêè ïðî âiäïîâiäíi ôiçè÷íi ïðîöåñè ìîæíà ëèøå çi ñïîñòåðåæåíü
âèïðîìiíþâàííÿ, ÿêå ãåíåðó¹òüñÿ öèìè ðåëÿòèâiñòñüêèìè ÷àñòèíêàìè. Íèíi ñïîñòåðåæåííÿ ïðî-
âîäÿòüñÿ ÿê íàçåìíèìè iíñòðóìåíòàìè, òàê i îáñåðâàòîðiÿìè êîñìi÷íîãî áàçóâàííÿ, âiä ðàäiî äî
æîðñòêîãî ãàìà-äiàïàçîíó. Äàíi ìiñòÿòü iíôîðìàöiþ ïðî ñïåêòðè, ðîçïîäië ïîâåðõíåâî¨ ÿñêðàâîñòi
òà ïîëÿðèçàöiþ ñèíõðîòðîííîãî âèïðîìiíþâàííÿ. Ïðîòå ïåðåâàæíî àíàëiçóþòüñÿ ëèøå ñïåêòðè
òà îäíîâèìiðíi çðiçè ÿñêðàâîñòi. Ó íàøèõ ïîïåðåäíiõ ðîáîòàõ áóëî ðîçâèíóòî ìåòîä ìîäåëþâàííÿ
êàðò ÿñêðàâîñòi â ðiçíèõ äiàïàçîíàõ äëÿ çàëèøêiâ íàäíîâèõ, ÿêi åâîëþöiîíóþòü â ìiæçîðÿíîìó
ñåðåäîâèùi ç îäíîðiäíèì òà íåîäíîðiäíèì ðîçïîäiëàìè ãóñòèíè ÷è ìàíiòíîãî ïîëÿ. Ó öié äîïîâiäi
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ïðåäñòàâëåíî ðîçâèòîê ìåòîäó äëÿ ìîäåëþâàííÿ êàðò ðîçïîäiëó ïîëÿðèçîâàíîãî ðàäiîâèïðîìiíþ-
âàííÿ öèõ îá'¹êòiâ. Öå âèìàãàëî ðîçâ'ÿçêó äâîõ îñíîâíèõ çàäà÷: óçàãàëüíåííÿ êëàñè÷íî¨ òåîði¨
ñèíõðîòðîííîãî âèïðîìiíþâàííÿ íà âèïàäîê íàÿâíîñòi âèïàäêîâî¨ êîìïîíåíòè ìàãíiòíîãî ïîëÿ
òà ïîáóäîâó é ðîçâ'ÿçóâàííÿ ðiâíÿííÿ, ÿêå îïèñó¹ åâîëþöiþ öi¹¨ êîìïîíåíòè íà ôðîíòi óäàðíî¨
õâèëi òà â îá'¹ìi çàëèøêó ç âðàõóâàííÿì ¨¨ âçà¹ìîäi¨ ç êîñìi÷íèìè ïðîìåíÿìè.

Äèíàìiêà çàðÿäæåíîãî ðîòàòîðà

À. Äóâiðÿê
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Ðîçãëÿäà¹òüñÿ ðóõ çàðÿäæåíîãî ðîòàòîðà � îäíîãî çàðÿäó (àáî êiëüêîõ), íà ÿêèé íàêëàäåíî
æîðñòêó â'ÿçü (â'ÿçi). Äèíàìiêà ðîòàòîðà âèâîäèòüñÿ iç ðiâíÿííÿ Ëîðåíöà�Äiðàêà, äîïîâíåíîãî
ïðèíöèïîì ä'Àëàìáåðà-Ëàãðàíæà, i ïðèâîäèòü äî íåëiíiéíîãî ðiâíÿííÿ 2-ãî ïîðÿäêó ùîäî êóòî-
âî¨ øâèäêîñòi. Éîãî ìîæíà çâåñòè äî ðiâíÿííÿ Åìäåíà-Ôàóëåðà, ÿêå íå ðîçâ'ÿçó¹òüñÿ ó òåðìiíàõ
âiäîìèõ ôóíêöié. Äîñëiäæåíî àñèìïòîòèêè ð-íÿ ðîòàòîðà i ïîáóäîâàíî éîãî ôàçîâèé ïîðòðåò.
Ïîêàçàíî, ùî ëèøå îäíà ôàçîâà òðà¹êòîðiÿ � ñåïàðàòðèñà � ìà¹ ôiçè÷íèé ñåíñ, îïèñóþ÷è ãàëü-
ìóâàííÿ ðîòàòîðà. Óñi iíøi òðà¹êòîði¨ îïèñóþòü íåîáìåæåíèé ðîçãií ðîòàòîðà çà ñêií÷åííèé ÷àñ.

Ôîðìàëüíèé ðîçãëÿä ðîòàòîðà ç êiëüêîìà çàðÿäàìè ïðèâîäèòü äî ïîìèëêîâîãî ðåçóëüòàòó �
çàíàäòî ñèëüíîãî ãàëüìóâàííÿ, áåçâiäíîñíîãî äî çíàêó i ðîçìiùåííÿ çàðÿäiâ. Ïàðàäîêñ ðîçâ'ÿçó-
¹òüñÿ âðàõóâàííÿì âçà¹ìîäi¨ çàðÿäiâ ìiæ ñîáîþ, ùî ãåíåðó¹òüñÿ ïîòåíöiàëàìè Ëü¹íàðà-Âiõåðòà, i
ïîðîäæó¹ íåöåíòðàëüíi ñèëè Ëîðåíöà (áî öåíòðàëüíi ñèëè ïîâíiñòþ êîìïåíñóâàëèñÿ á â'ÿçÿìè).

Âïëèâ êâàíòîâîãî âèìiðþâàííÿ òà âçà¹ìîäi¨ �êóáiò�òåðìîñòàò� íà ÷èñòîòó âiäêðèòî¨

êâàíòîâî¨ ñèñòåìè: îñîáëèâîñòi ïåðåïîâíåíîãî áàçèñó âåêòîðiâ ñòàíó

Â. Â. Iãíàòþê
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Ðîçãëÿíóòî ïî÷àòêîâèé ñòàí êóáiòà, ÿêèé âèíèêà¹ âíàñëiäîê íåñåëåêòèâíèõ âèìiðþâàíü [1]
íà ïåðåïîâíåíîìó áàçèñi, êîëè êiëüêiñòü ðåçóëüòàòiâ âèìiðþâàíü N = 3 ïåðåâèùó¹ ðîçìiðíiñòü
n = 2 Ãiëüáåðòîâîãî ïðîñòîðó âåêòîðiâ ñòàíó. Äëÿ äåìîíñòðàöi¨ îñîáëèâîñòåé, ÿêi âèíèêàþòü
âíàñëiäîê âèêîíàííÿ íåðiâíîñòi N > n, ìè âçÿëè ïðîñòó ñïií�áîçîííó ñèñòåìó, ÿêà îïèñó¹òüñÿ
òî÷íî ðîç'ÿçóâàíîþ ìîäåëëþ ç ðîçôàçóâàííÿì [2]. Íà ïðîöåäóðó âèìiðþâàííÿ áóëî íàêëàäåíî
óìîâè, ùî âåäóòü äî ïîñòiéíîãî ðîñòó êîãåðåíòíîñòi ñèñòåìè íà ïî÷àòêîâîìó åòàïi ¨¨ åâîëþöi¨ [3]
âíàñëiäîê âçà¹ìîäi¨ �êóáiò�òåðìîñòàò�.

Ïîêàçàíî, ùî íà âiäìiíó âiä ïðîåêöiéíî¨ ñõåìè ôîí Íîéìàíà ïðè N = n = 2, íàéáiëüø çìi-
øàíèé ñòàí êóáiòà, ÿêèé âèíèêà¹ âíàñëiäîê íåñåëåêòèâíîãî âèìiðþâàííÿ, ó çàãàëüíîìó âèïàäêó
ìîæå çàëåæàòè âiä òåìïåðàòóðè éîãî îòî÷åííÿ. Öÿ íåçâè÷íà îñîáëèâiñòü äîçâîëÿ¹ ðîçãëÿäàòè
�òåìïåðàòóðíî-êîíòðîëüîâàíå� î÷èùåííÿ êóáiòà [4] ó äîïîâíåííÿ äî �äèíàìi÷íîãî� î÷èùåííÿ,
ïðîàíàëiçîâàíîãî ðàíiøå [3].

Òàêîæ ðîçãëÿíóòî êiëüêà ðiçíîâèäíîñòåé ïîâòîðíèõ êâàíòîâèõ âèìiðþâàíü íàä ñèñòåìîþ �êóáiò�
òåðìîñòàò� òà ïðîàíàëiçîâàíî ¨õ ïåðñïåêòèâíiñòü ç òî÷êè çîðó äîäàòêîâîãî î÷èùåííÿ âiäêðèòî¨
êâàíòîâî¨ ñèñòåìè.

[1] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems, Oxford University, Oxford, 2007.

[2] V.G. Morozov, S. Mathey, and G. R�opke, Phys. Rev. A 85, 022101 (2012).

[3] V.V. Ignatyuk, V.G. Morozov, Phys. Rev. A 91, 052102 (2015).

[4] V.V. Ignatyuk, Phys. Rev. A 92, 062115 (2015).

[5] J. Dajka, B. Gardas, and J.  Luczka, Int. J. Theor. Phys. 52, 1148 (2013).
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Ãåîìåòðiÿ ìíîãîâèäó åâîëþöiéíèõ ñòàíiâ äâîõ ñïiíiâ ç àíiçîòðîïíîþ âçà¹ìîäi¹þ

À. Êóçüìàê
Êàôåäðà òåîðåòè÷íî¨ ôiçèêè

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Äîñëiäæåíî åâîëþöiþ ñèñòåìè äâîõ ñïiíiâ â ìàãíiòíîìó ïîëi âçà¹ìîäiÿ ìiæ ÿêèìè îïèñó¹òüñÿ
àíiçîòðîïíèì ãàìiëüòîíiàíîì Ãàéçåíáåð à. Ïîêàçàíî, ùî òàêà åâîëþöiÿ âiäáóâà¹òüñÿ íà äâîïàðà-
ìåòðè÷íîìó ìíîãîâèäi, ãåîìåòðiÿ ÿêîãî çàëåæèòü âiä ñïiââiäíîøåííÿ ìiæ ïàðàìåòðàìè âçà¹ìîäi¨.
Ó âèïàäêó, êîëè òàêå ñïiââiäíîøåííÿ ¹ ðàöiîíàëüíèì ÷èñëîì, ìíîãîâèä ¹ çàìêíóòèì i ìà¹ ôîðìó
òîðà. Òàêîæ áóëî äîñëiäæåíî ãåîìåòðiþ ìíîãîâèäó, íà ÿêîìó âiäáóâà¹òüñÿ åâîëþöiÿ ñèñòåìè äâîõ
ñïiíiâ, ùî îïèñóþòüñÿ ìîäåëëþ Äçÿëîøèíñüêîãî�Ìîðiÿ, ç äîäàòêîâîþ ZZ âçà¹ìîäi¹þ. Â öüîìó
âèïàäêó îòðèìàíi ïîäiáíi ðåçóëüòàòè. À ñàìå, êîëè ñïiââiäíîøåííÿ ìiæ ïàðàìåòðàìè âçà¹ìîäi¨
áóäå ðàöiîíàëüíèì ÷èñëîì, òî äàíèé ìíîãîâèä áóäå òîðîì. Íà çàâåðøåííÿ áóëî ïðîàíàëiçîâàíî
çàïëóòàíiñòü ñòàíiâ, ÿêi íàëåæàòü äî öèõ ìíîãîâèäiâ. Çíàéäåíî ëiíi¨, íà ÿêèõ çíàõîäÿòüñÿ ñòà-
íè çi ñòàëîþ çàïëóòàíiñòþ, à òàêîæ çíàéäåíî çàëåæíiñòü ãóñòèíè òàêèõ ëiíié íà ìíîãîâèäi âiä
ñïiââiäíîøåííÿ ìiæ ïàðàìåòðàìè âçà¹ìîäi¨.

Ôîðìóâàííÿ ïåòåëü â ïîëiìåðàõ â íåâïîðÿäêîâàíèõ ñåðåäîâèùàõ

Õ. Ãàéäóêiâñüêà, Â. Áëàâàöüêà
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Â ðîáîòi àíàëiçó¹òüñÿ iìîâiðíiñòü ôîðìóâàííÿ îêðåìî¨ ïåòëi òà äîâãîìó ãíó÷êîìó ëàíöþæêó
â ñåðåäîâèùi ç áåçëàäîì ó âèïàäêó çàãàëüíî¨ âèìiðíîñòi d. Ñòðóêòóðíi íåîäíîðiäíîñòi â çàäà÷i ¹
ñêîðåëüîâàíi íà âåëèêèõ âiäñòàíÿõ r çãiäíî çi ñòåïåíåâèì çàêîíîì ∼ r−a. Â ðàìêàõ ìîäåëi íåïå-
ðåðâíîãî ëàíöþæêà iç çàñòîñóâàííÿì ìåòîäó ïðÿìîãî ïîëiìåðíîãî ïåðåíîðìóâàííÿ, áóëè îòðèìàíi
çíà÷åííÿ êðèòè÷íèõ ïîêàçíèêiâ, ÿêi êåðóþòü ñêåéëiíãîì iìîâiðíîñòi óòâîðåííÿ ïåòåëü â çàëåæíî-
ñòi âiä ¨õ äîâæèíè. Êiëüêiñíî ïîêàçàíî çíèæåííÿ iìîâiðíîñòi óòâîðåííÿ ïåòåëü â ñåðåäîâèùi çi
ñêîðåëüîâàíèì áåçëàäîì.

Òåðìîäèíàìi÷íi âåëè÷èíè ñèñòåìè òâåðäèõ êóëüîê ó ñëàáîíåðiâíîâàæíîìó

òåïëîïðîâiäíîìó ñòàöiîíàðíîìó ñòàíi

É. À. Ãóìåíþê
Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, Ëüâiâ

Ñòàöiîíàðíèé ñòàí ãàçó, ÷åðåç ÿêèé òå÷å òåïëî, ÿêiñíî âiäðiçíÿ¹òüñÿ âiä ðiâíîâàæíîãî. Çàäà-
÷à îá÷èñëåííÿ ïîòîêó òåïëà ðîçâ'ÿçó¹òüñÿ â êiíåòè÷íié òåîði¨ (íàïð. [1]) òà ìåòîäîì �ðiíà�Êóáî
(íàïð. [2]). Îäíàê, ïðîáëåìà ðîçðàõóíêó òåðìîäèíàìi÷íèõ õàðàêòåðèñòèê ñèñòåì ó ñòàöiîíàðíîìó
ñòàíi � òèñêó, âíóòðiøíüî¨ åíåðãi¨ ÷è åíòðîïi¨ � ïåðåáóâà¹ íà ïî÷àòêîâèõ åòàïàõ ñâîãî âèðiøåííÿ
[3�6]. Â ðàìêàõ ïiäõîäó ñóöiëüíîãî ñåðåäîâèùà áóëî çàïðîïîíîâàíî [7] ñïîñiá ðîçðàõóíêó òåðìî-
äèíàìi÷íèõ âåëè÷èí ãàçó íèçüêî¨ ãóñòèíè ó òåïëîïðîâiäíîìó ñòàöiîíàðíîìó ñòàíi äëÿ âèïàäêó
ñëàáêîãî âiäõèëåííÿ âiä ðiâíîâàãè.

Îäíàê ïðè çìiùåííi â îáëàñòü ïðîìiæíèõ i âèñîêèõ ãóñòèí, âñå áiëüøå ïðîÿâëÿ¹òüñÿ ïîòåíöi-
àë âçà¹ìîäi¨, çîêðåìà, ðîçìiðè ìîëåêóë. Ùîá ¨õ âðàõóâàòè, ìè çà äîïîìîãîþ òîãî æ ñïîñîáó [7]
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ðîçðàõîâó¹ìî òèñê, âíóòðiøíþ åíåðãiþ òà åíòðîïiþ ìîäåëüíî¨ ñèñòåìè òâåðäèõ êóëüîê ó ñëàáîíå-
ðiâíîâàæíîìó òåïëîïðîâiäíîìó ñòàöiîíàðíîìó ñòàíi.

Àíàëiòè÷íi âèðàçè äëÿ öèõ âåëè÷èí çíàéäåíî â íàáëèæåííi 4-ãî ïîðÿäêó çà  ðàäi¹íòàìè òåìïå-
ðàòóðè øëÿõîì iíòå ðóâàííÿ âiäïîâiäíèõ ëîêàëüíèõ ãóñòèí âçäîâæ òåïëîâîãî ïîòîêó. Ïîêàçàíî,
ùî  ðàäi¹íòíi âíåñêè äî âíóòðiøíüî¨ åíåðãi¨ çàëåæàòü âiä îá'¹ìó, à åíòðîïiÿ çàäîâîëüíÿ¹ II-å íà-
÷àëî òåðìîäèíàìiêè äëÿ íåðiâíîâàæíèõ ïðîöåñiâ. Ðîçðàõóíêè ïðîâåäåíî äëÿ âèìiðíîñòåé 3D, 2D
òà 1D.

[1] Äæ. Ôåpöèãåp, Ã. Êàïåp, Ìàòåìàòè÷åñêàÿ òåîpèÿ ïpîöåññîâ ïåpåíîñà â ãàçàõ, Ìîñêâà, Ìèp, 1976.

[2] Ä. Í. Çóáàðåâ, Íåðàâíîâåñíàÿ ñòàòèñòè÷åñêàÿ òåðìîäèíàìèêà, Ìîñêâà, Íàóêà, 1971.
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One-dimensional Coulomb-like problem and minimal length

M. I. Samar and V. M. Tkachuk
Department for Theoretical Physics, Ivan Franko National University of Lviv

We present the de�nition of inverse position operator X−1 in general case of deformed Heisenberg
algebra leading to minimal length, which satisfy invertibility condition X−1X = XX−1 = 1. Energy
spectrum and eigenfunctions for 1D Coulomb-like potential in general case of deformed space with mini-
mal length are found exactly. We analize the energy spectrum for di�erent partial cases of deformation
function and �nd that depending on the kind of the deformation function di�erent dependence on
parameter of deformation of the energy correction term and even di�erent sign of this term can be
obtained.

Penning trap with an inclined magnetic �eld

Yurij Yaremko[, Maria Przybylska\, and Andrzej J. Maciejewski]

[Institute for Condensed Matter Physics of NAS of Ukaine, Lviv
\Institute of Physics, University of Zielona G�ora, Poland

]Institute of Astronomy, University of Zielona G�ora, Poland

Modi�ed Penning trap with a spatially uniform magnetic �eld B inclined with respect to the axis of
rotational symmetry of the electrodes is considered. The inclination angle can be arbitrary. Canonical
transformation of phase variables transforming Hamiltonian of considered system into a sum of three
uncoupled harmonic oscillators is found. We determine the region of stability in space of two parameters
controlling the dynamics: the trapping parameter κ and the squared sine of the inclination angle ϑ0.
If the angle ϑ0 is smaller than 54 degrees, a charge occupies �nite spatial volume within processing
chamber. A rigid hierarchy of trapping frequencies is broken if B is inclined at the critical angle: the
magnetron frequency reaches the corrected cyclotron frequency while the axial frequency exceeds them.
Apart from this resonance we reveal the family of resonant curves in the region of stability.

In the relativistic regime the system is not linear. We show that it is not integrable in the Liouville
sense. The averaging over the fast variable allows to reduce the system to two degrees of freedom. An
analysis of the Poincar�e cross-section of the averaged systems shows the regions of e�ective stability of
the trap.
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Áîçå-àéíøòàéíiâñüêà êîíäåíñàöiÿ â iäåàëüíîìó áîçå-ãàçi â çîâíiøíüîìó ïîëi

I. Âàêàð÷óê
Êàôåäðà òåîðåòè÷íî¨ ôiçèêè

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

Ðîçðàõîâàíî òåìïåðàòóðó áîçå-àéíøòàéíiâñüêî¨ êîíäåíñàöi¨ iäåàëüíîãî áîçå-ãàçó â çàëåæíî-
ñòi âiä ïàðàìåòðiâ ïîòåíöiàëó çîâíiøíüîãî ïîëÿ [1]. Îá÷èñëåíî òåìïåðàòóðíó çàëåæíiñòü áîçå-
êîíäåíñàòíî¨ ôðàêöi¨. Îòðèìàíi âåëè÷èíè ïîðiâíÿíî ç ðåçóëüòàòàìè iíøèõ ðîáiò [2,3].
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